Three types of energy must be considered in a discussion of the energy distribution in the infinitesimal dynamic elastic-gravitational deformations of a uniformly rotating, self-gravitating, elastic configuration with a possibly large, anisotropic initial static stress: thermodynamic elastic internal energy, gravitational potential energy, and kinetic energy. Suitable expressions for these three types of energy are deduced, and are used to construct a Lagrangian from which the possible deformations of the system may be found by the principle of least action. The net energy change resulting from the introduction of a kinematically prescribed static tangential displacement dislocation is determined, and is shown to be very similar to the traditional expression first used by Reid, even though the theory is developed in such a way that the initial static stress is not necessarily assumed to arise from an initial elastic strain away from some natural stress-free configuration.
Introduction
In a previous publication (Dahlen 1972a, hereafter called Paper I) , the elasticgravitational equations and associated boundary conditions governing the motion produced by a kinematically prescribed tangential displacement dislocation in an arbitrary self-gravitating Earth model have been derived and discussed. The present paper is intended to be a continuation of that previous discussion; the main aim is to provide a clarification of the physical principles involved in the model. This deeper physical understanding is gained primarily through a discussion of the energy balance of arbitrary small elastic-gravitational disturbances away from the uniformly rotating equilibrium configuration. In Paper I, the appropriate form of Rayleigh's variational principle was obtained by simply observing that a certain bilinear form was Hermitian symmetric. In this paper, it will be shown that this variational principle in fact stems directly from a fundamental physical principle, namely the principle of least action. An explicit formula for the net static energy release due to the introduction of a tangential displacement dislocation is obtained.
The notation of Paper I will be adhered to as closely as possible; some refinement is however necessary. For example, more care will be taken in this paper to distinguish between the Eulerian and Lagrangian descriptions of various physical quantities. 
The Earth model and the equations of motion
The Earth is herein and in Paper I modelled as a self-gravitating, solid elastic continuum occupying a volume V with surface dV, and initially in a steady-state configuration with a uniform angular velocity of rotation a about its centre of mass.
Points or material particles in this initial equilibrium configuration will be denoted by their position vector x. Let po(x) denote the density and 40(x) denote the gravitational potential of the body occupying the volume V ; the two are related by Poisson's equation
This uniformly rotating Earth model is assumed to be in complete mechanical equilibrium under the influence of a static initial stress field To(x). This initial static stress must in general be non-isotropic, but it can always be separated into an initial hydrostatic pressure field po(x) and an initial static stress deviator zo(x) in the usual way
The condition which guarantees mechanical equilibrium of the uniformly rotating initial configuration is The point of view adopted here regarding the initial static stress field To(x) needs some comment, as it will be alluded to later in the discussion of the energy release due to the introduction of an elastic dislocation. An important aspect of the theory presented here is that no assumptions whatsoever are made about the nature of the initial static stress, except that it satisfy the condition (3) of mechanical equilibrium in the initial configuration. In particular, the initial stress is not assumed to be related to some reversible finite or infinitesimal strain away from some natural unstressed state. The only reference configuration ever referred to is the uniformly rotating initial configuration V, which is in equilibrium under the influence of the initial static stress field. This point of view is clearly an appropriate one for considering small elastic-gravitational displacements of the Earth, since the present state of stress in the Earth was almost certainly not achieved by any kind of reversible process.
We wish to examine possible motions of the Earth model V which are, beginning at time t = 0, small elastic-gravitational deformations superimposed upon the state of uniform rotation. For that reason, it is convenient to adopt a Lagrangian point of view. Let r(x, t ) denote the position vector at time t 2 0 of the material particle x, and define the particle displacement s(x, t) of particle x at time t 2 0 by (6) Let V ( t ) and aV(t) denote, respectively, the time-varying volume and boundary of the slightly deformed Earth model V.
The most convenient Lagrangian description of the stress field in the deformed Earth model V(r) is in terms of the non-symmetric Piola-Kirchoff stress tensor (e.g. r(x, t ) = x + s(x, t ) .
Malvern 1969)
. Consider an infinitesimally small open surface element dA(x) centred on particle x in the initial configuration and with unit normal a(x). At time t 2 0, the material particles comprising this surface element, now denoted by dA(r, t ) will have moved to a new location in space, and the unit normal will have changed from a(x) to fi(r, r ) . Denote by TE(r, t ) the (Cauchy) stress tensor at time t at the location r(x, t ) in space. The non-symmetric Piola-Kircholf stress tensor T,(x, r ) is customarily defined by ~~(x).TL(x, t)dA(x) = a(r(x, t ) , t).T,(r(x, t ) , t)dA(r(x, t ) , t ) .
Denote by fE(r, t ) the net body force per unit volume acting at the location r at time I, and define the corresponding Lagrangian description of the body force field in the usual way fL(X, t ) = f&, t ) , r). (8) The exact form of the momentum conservation law in the Lagrangian formulation is well known (e.g. Malvern 1969) . If the motion is described from the point of view of an observer located in a reference frame rotating with uniform angular velocity about the centre of mass, this equation is
where D, is the substantial or Lagrangian time derivative.
We wish to consider only small displacements s(x, r ) away from uniform rotation; the linearized approximation to equation (9) is in this case adequate. The Piola-Kirchoff stress tensor TL(x, t ) will be written in the form T,(x, t ) = TO(X)+T(X, t ) , (10) where T(x, 1 ) is the non-symmetric incremental Piola-Kirchoff stress (called the incremental pseudo-stress in Paper 1). The Eulerian descriptions of the density and the gravitational potential will be similarly decomposed into an initial or zeroethorder part plus an incremental or first-order part, and the body force fE(r, t ) in equation (8) will be taken to consist of an externally applied time-dependent body force f(r, t ) plus the body force field due to selfgravitation fE(r~ t ) = -[pO(r)+p,(r, r)1v[40(r)+41(r7 r>l+f(r, t). (12) Now subtracting equation (3) from equation (9), and neglecting terms of second order in the elastic-gravitational displacement s(x, t ) , one obtains the final form of the linearized momentum equation
+V.T+f.
(13)
The first-order perturbation 41(x, t ) in the gravitational potential field is related to the elastic-gravitational displacement field s(x, t ) through the linearized versions of Poisson's equation and the Lagrangian version of the continuity equation
The linearized elastic-gravitational equations of motion (13) and (14) must be satisfied at all interior points x of the initial or reference configuration V. These equations are the same as those obtained in Paper I by a somewhat circuitous argument starting from the Eulerian form of the conservation laws. The above derivation shows the economy of utilizing the Lagrangian formulation from the outset, as well as serving to introduce the Piola-Kirchoff stress tensor T,(x, t).
The equations (13) and (14) are to be solved subject to certain linearized continuity conditions to be applied on the undeformed surface W of the reference configuration (as well as across any welded interior material discontinuity surface). The appropriately linearized version of these continuity conditions was obtained in Paper I, and will be repeated here (A(x) denotes the unit outward normal at the point x): s(x, t ) continuous fi(x).T(x, t ) continuous (note: since dV is a free surface,
41(x, t ) continuous
Equations (13) and (14) do not by themselves represent a complete system of equations, but must be completed by the addition of an appropriate constitutive relation relating the incremental Piola-Kirchoff stress T(x, t ) to the Lagrangian material particle displacement s(x, 1).
The elastic constitutive relation and the elastic internal energy
The tensor Vs(x, t ) will be called the infinitesimal deformation tensor at the material particle x at time t 2 0. The material comprising the Earth model V will be assumed to be perfectly elastic, in which case the Piola-Kirchoff stress T,(x, r) at the material particle x depends only on the value of the infinitesimal deformation tensor Vs(x, t ) at x and on the entropy density per unit mass S,(x, t ) at x. The deformation will be further assumed to occur isentropically, so that D, S,(x, t ) = 0 for all x. These two assumptions are completely equivalent to the assumption that there exists a thermodynamic elastic internal energy density (per unit mass) U,(x, t ) , whose value at the point x, t depends only on Vs(x, t ) and S,(x, t ) . This elastic internal energy function has the property that the Piola-Kirchoff stress T,(x, t ) may be obtained from it by partial differentiation. Written in terms of components relative to an arbitrary Cartesian axis system ft,, 5i2, 9 , in the uniformly rotating reference frame, where the subscript S indicates that the differentiation is to be performed holding S,(x, t ) fixed. The Lagrangian version of the energy conservation law or first law of thermodynamics (see e.g. Malvern 1969), for this case of an isentropic deformation of a perfectly elastic material, takes the form
( 1 7) We now make the further assumption that the perfectly elastic, isentropic constitutive relation between TJx, t ) and Vs(x, t ) may be linearized, i.e. we assume that the Cartesian components of the incremental Piola-Kirchoff stress T ( x , t ) may be expressed in terms of the components of Vs(x, t ) in the form %j = I \ i j k l ak sI, (18) where the 81 coefficients A ; j k l ( X ) are the components of a fourth-order tensor, called the isentropic elastic tensor. The existence of a thermodynamic elastic internal energy (16) is readily shown to imply an important symmetry of the isentropic elastic tensor,
From (1 7), (1 8) and (19), the internal energy density U,(x, t ) may be conveniently expressed in terms of the isentropic elastic coefficients A i j k r ( X ) , PO U , = Tij' UjJ +$A,jkI a i S j d k SI.
a(x, t ) = + p s ( x , t ) + (~~(~, t ) y j . (20)
Here a(x, t ) denotes the infinitesimal strain tensor, i.e. the symmetric part of W X , t ) , (21) Denote the net elastic potential energy contained within the deformed Earth model volume V ( t ) at time t 2 0 by U. This net elastic potential energy of deformation of the Earth model V ( I ) is given by the integral over the undeformed reference configuration V of the elastic internal energy density, Note that the net elastic potential energy of the undeformed uniformly rotating configuration (s(x, t ) = 0 for all x ) is zero. Because of this choice of a zero energy level, the elastic internal energy density U,(x, t ) in (20) contains a first order as well as a second-order term.
The symmetry relation (19) is directly related to the assumed existence of a thermodynamic elastic internal energy. Further restrictions on the coefficients AjjkI(x) arise because of the fact that the constitutive relation (18) must be invariant under an arbitrary change of the frame of reference. More precisely, (18) must satisfy the so-called principle of material frame-indifference (see, e.g. Malvern 1969). These additional restrictions together with the symmetry relation (19) may be stated most conveniently in the form already given in Paper I. The most general form of the coefficients AijnI(x) consistent with the principle of material frame-indifference and with the existence of a thermodynamic elastic internal energy is Aijkl = C j j k r + + ( I T ; . j 0 6 k l + Tkl06jj-k (24) There are thus in general 27 independent elastic coefficients A ;~& [ ( x ) , corresponding to 21 independent Cijkl(x) and six independent Tj0(x).
The Lagrangian and the principle of least action
We consider first only the class of all possible free motions of the Earth model V (there is thus assumed to be no externally applied force, f ( x , t ) = 0). The aim of this section is the construction of a Lagrangian from which the free motions s(x, t ) may be obtained from the principle of least action. The discussion to a certain extent follows that of Lamb (1945), who treats the infinitesimal oscillations of a rotating mechanical system which possesses only a finite number of degrees of freedom.
The elastic potential energy 11 of an arbitrary elastic-gravitational deformation s(x, t ) of the Earth model V has been discussed above. The only other form of mechanical potential energy which is available is gravitational potential energy. If uE(r, t ) is used to denote the Eulerian description of the material particle velocity field of a possible free motion, then the rate at which work is being done against gravitational body forces during this deformation is tl'UZ -= [ uE(r, f ) . P E ( r , t ) V 4 E ( r , t>dV(r, t).
(25) I:(,)
Transforming the variables of integration to the initial or reference configuration V this becomes Now, making use of the fact that the perturbation 4 1 ( x , t ) in the gravitational potential is linearly related to s(x, t ) (through equations (14)), and neglecting terms of third order in s(x, t ) , equation (26) may be written as Integration of (27) with respect to the time t yields an expression for 2l3, the net gravitational potential energy corresponding to an arbitrary free deformation s(x, t ) of the Earth model V.
The net gravitational potential energy of the undeformed, uniformly rotating reference configuration has been arbitrarily taken to be zero.
Equation ( 
.[D,s(x, t)+Jzx(x+s(x, t))]dV(x). (34)
Introducing the rotational potential $(x) defined in (5), a little algebraic manipulation allows this to be rewritten in the form
The Lagrangian 2 of the mechanical system V is the quantity 2 = 2-(U+'TO). Since A.T, = 0 on dV, and using the equilibrium condition (9, this is identically zero. Hence the Lagrangian 2 may be written finally in the convenient form
This Lagrangian is not explicitly a function of time, but of course depends implicitly on time through its dependence on s(x, t ) and d, s(x, t ) .
Having obtained the Lagrangian 2 of the mechanical configuration V ( t ) , the possible free motions s(x, t ) may be determined by an application of the principle of least action. Let s(x, t ) be a possible elastic-gravitational deformation of the Earth model V for the time interval t l < t < t,. The action A along this possible path of motion is ' 2 A = f edt.
(39)
The principle of least (more precisely, stationary) action demands that if s(x, t ) is the elastic-gravitational deformation actually executed by the Earth model during the time interval t , < t < t2, then any nearby possible deformations S(x, t ) which start and end in the same configuration as s(x, t ) will yield the same value of the action (391, to first order in the difference 6s(x, t ) = S(x, t)-s(x, t). In other words, if 6s(x, t l ) = 6s(x, t 2 ) = 0, then SA = A(s+6s)-A(s) vanishes to first order in 6s(x, t ) . Using the invariance of the initial and final configurations 6s(x, t l ) = 6s(x, r2) = 0 to eliminate the first term of (38), the first variation 6 A of the action is We wish to show that the principle of least action (39) T(s, s) -2wW(s, s) -&(s, s) -@(s, s) -a@, s) .
The first variation of this expression with respect to the complex elastic-gravitational displacement s(x) is zero, to first order in Ss(x). This is precisely the form of Rayleigh's variational principle deduced in Paper 1 by a strictfy mathematicaf argument. It has been pointed out in Paper I that since the bilinear functionals The equations (44) represent an eigenvalue problem; the solutions to equations (44) are the elastic-gravitational displacement eigenfunctions s(x) with associated eigenfrequencies w for the infinitesimal oscillations of the Earth model V.
In Paper I, it is shown (and it could also be shown directly by a further application of the principle of least action) that the sum of bilinear functionals (43) not only contains a variational principle, but that in fact its value is identically zero when evaluated at any s(x) which is an eigenfunction of the Earth model V with eigenfrequency w . That is, if s(x) is a solution throughout V of the system of equations (44) which satisfies the free surface boundary conditions (15) on aV, then   w2 F ( s , s) -2 0 .Jf '(s, s) -b(s, s) -@(s, s) -q s , s) = 0.
(45) Equation (45) could be interpreted as a statement of the conservation of energy of the elastic-gravitational mechanical system V, at least for all those motions which are a linear combination of the normal modes of the system. This particular form of the conservation of energy principle is somewhat peculiar, since it contains a term W ( s , s) which arises from the Coriolis force. It is well known that the Coriolis force can do no work, but it arises here because we have chosen to consider complex displacements s(x). A more familiar statement of the conservation of energy principle may be obtained immediately from (49, by merely restricting s(x) to be real; the Coriolis term %'-(s, s) then vanishes.
Energy release by an elastic dislocation
Paper I is devoted primarily to a discussion of the elastic-gravitational disturbance s(x, t ) arising from the introduction into V of a kinematically prescribed tangential displacement discontinuity across a fault surface C, embedded in V. In this paper, material points on the fault surface C, (in the reference configuration) will be denoted by x,, and the unit normal to C, at a point x, will be denoted by A,(x,).
A fault surface is by definition a surface in V on which the elastic-gravitational displacement is double-valued; the jump discontinuity [s(xo, t ) ] : across C, is assumed to be arbitrarily prescribed for f 2 0, except that [s(xo, t)]' = 0 on the fault surface boundary ax, -dCo n dV. We furthermore restrict consideration only to the case of a purely tangential displacement dislocation (i.e. A,(x,). [s(xo, t)]' = 0 for all points x, on C,).
This model of a prescribed jump discontinuity in tangential displacement [s(xo, t)]_' across a surface C, embedded in V is assumed to be a complete kinematical description of the seismic faulting process accompanying earthquakes.
The remaining continuity conditions across the fault surface C, may not be prescribed arbitrarily; they have been derived in Paper I. The complete list of continuity conditions across the fault surface Co is reproduced here: This representation was used there to deduce an explicit expression for the equivalent body forces which must be applied to the Earth model V in the absence of a seismic dislocation in order to produce the same disturbance s(x, t ) as that produced by the dislocation. The problem of determining the response s(x, t ) of the Earth model V to a kinematically prescribed dislocation (46) thus was reduced in Paper I to the problem of determining the response to a dynamically equivalent body force distri buticn.
The question we ask now is this: what has been the net change in energy of the Earth model V after a sufficiently long time that the disturbance s(x, t ) arising from the seismic dislocation has finally been attenuated by the processes of internal friction in V ? That is, if we consider only the static deformation s(x) arising from a prescribed static tangential displacement discontinuity [s(xo)]T across C,, what has been the energy change arising from the introduction of that dislocation? For simplicity, the discussion will be restricted to a non-rotating Earth model V. Gilbert (1970) has shown how the static response to an applied external force of any non-rotating mechanical system may be quite elegantly expressed in terms of the normal modes of that system. For an arbitrary non-rotating Earth model V, both the dynamic response s(x, t ) and the ultimate static response s(x) to an infinitesimal tangential displacement dislocation may be found at once by utilizing in the formulae of Gilbert (1970) the more general form of the moment tensor defined in Paper I.
The question of the net change in energy arising from the introduction of a static seismic dislocation is an interesting one because of the point of view which we have adopted with regard to the initial stress T,(x). The traditional point of view in computing the energy release due to an earthquake is that first introduced by Reid (1910) in his study of the 1906 San Francisco earthquake. The initial deviatoric stress zo(x) acting throughout the Earth model V is assumed to be infinitesimally small, and is further assumed to be the result of an infinitesimal purely elastic initial strain co(x) away from some natural unstrained, unstressed state (the initial hydrostatic pressure po(x) and the gravitational potential 40(x) are usually not even considered). The initial configuration of the Earth model V is thus one in which there exists a net positive stored elastic strain energy E,,
The introduction of a fault surface C, into the Earth model V acts to release some of this stored potential energy. It is readily shown (Steketee 1958; Savage 1969 ) that whenever there is a stress drop on the fault surface C,, the net change in energy throughout all of V is in fact negative (corresponding to a release of stored energy). The energy release AE may be expressed as a surface integral over the fault surface Co by where As, = [~( x , ) ]~, and where q(x) is the final value of the deviatoric stress. Savage (1969) shows clearly that for this model to be at all meaningful, the initial strain c,(x) must be what he calls an internal strain, i.e. one which fails to satisfy the St Venant compatibility relations (Love 1944) . The expression (48) for the energy release AE has been utilized often and by various authors ever since Reid (1910) in studies of the energy released by specific earthquakes (e.g. Aki 1966; Wyss & Brune 1968; Wyss 1970) .
We have adopted the point of view that neither the total initial static stress To(x) nor its deviatoric part zo(x) may be considered small, and furthermore neither T,(x) nor zo(x) is necessarily related to any kind of finite or infinitesimal initial strain away from some natural configuration. There is thus by assumption no stored elastic strain energy U,(x, t) in the undeformed configuration V before faulting occurs. It is of interest to note that in spite of the greater generality of the point of view adopted here, we shall obtain an expression for the net energy release very similar to the traditional expression (48).
The assumption that there is no stored elastic strain energy in the equilibrium configuration is to a certain extent merely a choice of the zero level of the elastic internal energy, and it may seem a peculiar one. There certainly is some kind of potential energy stored in an initially stressed configuration, since it is intuitively clear that energy could be released, for example, by the introduction of a dislocation surface on which the shear stress is allowed to vanish. Since however the Earth has not here been assumed to be in a state of initial elastic strain, there clearly is no elastic strain energy in the uniformly rotating initial configuration. Burridge & Knopoff (1966) have advocated the definition of a stress energy function to describe the amount of stored energy in an initially stressed medium, but their definition is only a natural one in the case of a small initial stress.
Let V, with surface aV, and inward unit normal A, be a small interior volume element of the Earth model V. As in Paper I, this volume element will later be allowed to collapse to zero in such a way that its surface aV, collapses onto the fault surface X,. Let s(x) be the state of elastic-gravitational deformation throughout V induced by the discontinuity across X o , and consider the net energy in the punctured volume V -V, which is associated with this deformation. There is for any such volume V -V, an associated elastic potential energy U(V -V,) which is given by an expression similar to (22) 
